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I am an algebraic geometer who is interested in using the machinery of derived categories to
answer questions of number theoretic origin. The main focus of my dissertation investigates
how the rationality of a smooth projective variety X manifests itself inside of its associated
derived category of coherent sheaves, henceforth denoted Db (X). I am excited to continue
research in this direction, and I am broadly interested in the intersection of birational geometry and arithmetic geometry as well as combinatorial/computational methods to approaching
these subjects.
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Introduction: Rationality Questions & Motivation

Determining the existence of solutions to a system of equations is a fundamental problem in mathematics that has historically provided mathematicians with a wealth of surprisingly difficult phenomena to ponder. At the heart of this is the following question: when does a system of polynomials
with integer coefficients have integer solutions?
A budding mathematician may learn in an elementary number theory class that the linear
equation ax + by = c for a, b, c ∈ Z has a solution if and only if gcd(a, b) divides c (given that
a, b 6= 0). For quadratics, the Hasse-Minkowski Theorem tells us that integral solutions exist if
and only if there exist solutions over every completion of Q; that is, there exist real solutions and
solutions in Qp for every prime p. This is an example of what is now known as the Hasse principle,
the ability to stitch together local solutions, e.g. solutions over Qp , to get a global solution, e.g. a
solution over Q. Although this is a desirable property to have, it does not always hold. For example,
consider x4 − 17 = 2y 2 , which has solutions in R and over Qp for all primes p, but no solutions over
Q.
Algebraic geometers are also interested in solutions sets to systems of polynomials, although they
are frequently studied under the guise of algebraic varieties. The sheaf cohomology of a variety is in
many ways a geometric analogue of the Hasse principal: it measures the failure of the ability to glue
together local solutions to a geometric problem to obtain a global solution over the entire variety.
If we are looking for obstructions to rational points, it is therefore natural to turn to a well-studied
repository of the cohomological information attached to a variety X, Db (X)- its derived category
of coherent sheaves. This leads one to wonder the following: over a non-algebraically closed field k,
what sort of arithmetic properties does the variety X enjoy, and can these be detected by the derived
category of coherent sheaves on X? In broad strokes, my interests lie in investigating arithmetic
properties revealed via the derived category of a variety. One property that can be studied is varying
strengths of rationality. We say a variety X is rational if it is birational to projective space over
some field.
Example 1. Consider first the rational variety P1C . Let X = {x2 + y 2 + z 2 = 0} ⊂ P2R , and notice
that X ⊗R C ∼
= P1C . We say that X is a form of P1C , that is, it becomes isomorphic to P1C when
base-changed to C, in fact: X is a Severi-Brauer variety- a “twisted form” of projective space. Over
R, X is not rational, as it is not birational to P1R . A quick way to convince yourself of this is to note
that P1R admits many R-points, but X does not.
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Arithmetic & the derived category

During my time as a graduate student, my main focus was on the study of decompositions of the
derived category of coherent sheaves of a variety. For a smooth projective variety X defined over a
field k, we call this a semi-orthogonal decomposition. Originally described in [14], the existence of a
full exceptional collection of Db (Coh(X)), a particularly well-behaved example of a semi-orthogonal
decomposition, provides us with an atomization that, in many ways, mimics an orthogonal decomposition of a vector space. Exceptional collections are built of exceptional objects, which are objects
of a k-linear category whose endomorphism algebras are isomorphic to division k-algebras. Due to
recent work of Ballard, Duncan, and McFaddin [6] on derived categories of forms toric varieties over
an arbitrary field, a large portion of my research program consists of utilizing these decompositions
to answer questions with number-theoretic origins.
2.1

Rationality and the derived category

My recent work is motivated by the following question (due to Esnault, 2009 [4]):
Question 1. “Let S be a smooth projective variety over a field k. Can the bounded derived category
Db (S) of coherent sheaves detect the existence of a k-rational point on S?"
I have produced both positive and negative evidence of the ability of Db (S) to detect rational
points; the answer to this question is an emphatic sometimes. Recently, Ballard, Duncan, and
McFaddin [7] gave a Galois-stable decomposition for the derived category of any centrally symmetric
toric Fano variety. The ‘Galois-stable’ stipulation requires that the objects of the decomposition are
permuted by the absolute Galois group, which has the advantage of allowing such a decomposition
to work regardless of the field over which the variety is defined. In [8], Matthew Ballard and I use
the decomposition from [7] along with the power of noncommutative motives [43, 45] as a universal
additive invariant to generalize a result of Blunk [17]:
Theorem 1. (Ballard, L-) If X is a generalized del Pezzo variety, (in the sense of Voskresenskii
& Klyachko [47]) then X has a rational point if and only if Db (X) admits a full étale exceptional
collection.
A full étale exceptional collection is an exceptional collection in which the endomorphism algebra
of each exceptional object is a finite separable extension of k. This is particularly nice property
to have, as it essentially says that the derived category is built from derived categories of smooth
points. The family of generalized del Pezzo varieties consists of arithmetic toric varieties whose
rationality is determined by the dense open torus T contained inside of it. In this particular case,
two algebras govern the triviality of T -torsors, and also happen to show up as endomorphism
algebras of exceptional objects.
Example 2. Recall from Example 1 that P1C is rational, while a “twisted-form” of P1C , X =
{x2 + y 2 + z 2 = 0} ⊂ P2R is not. To illustrate how rationality is reflected in Db (P1C ) and Db (X),
let us compare decompositions of these two categories. We know from [14] that Db (P1C ) can be
decomposed as hO, O(1)i, and one can check that Db (X) = hO, Fi, where End (F) ∼
= H, Hamilton’s
quaternion algebra.
Db (P1C ) = hO, O(1)i

versus

Db (X) = hO, Fi

Notice that the endomorphism algebras of the exceptional objects forming the decomposition of
Db (P1C ) are copies of C, but a similar statement cannot be made for the decomposition of Db (X):
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End(F) ∼
= H is not a copy of R, nor is H a separable extension of R. Surprisingly, this reveals a
significant amount of information about the rationality of the associated varieties. It is known [43]
that non-split Severi-Brauer varieties cannot admit a full étale exceptional collection, from this we
can determine from the decomposition of Db (X) that X is not rational.
On the other hand, in a forthcoming collaboration with Matthew Ballard, Alex Duncan, Patrick
McFaddin, and I [10] show the following:
Theorem 2. (Ballard, Duncan, L-, McFaddin) For a fixed global field k, there exist smooth projective geometrically-irreducible varieties in any dimension ≥ 3 which have no rational points but
whose derived category possesses a full étale exceptional collection.
From Theorem 1 and Theorem 2 we know that even when a full étale exceptional collection
exists for Db (X), this does not imply that X is rational. In [10], we show that for toric varieties,
the existence of a full étale exceptional collection is enough to guarantee retract rationality. One
can ask what might happen if we impose more strict conditions on the decomposition of Db (X),
which gives a question commonly attributed to Orlov:
Question 2. “If X is a smooth variety defined over a field k, and Db (X) admits a full k-exceptional
collection, must X be rational?”
In [10], we give the following positive answer to Orlov’s question for toric varieties.
Theorem 3. (Ballard, Duncan, L-, McFaddin) For a toric variety X with a k-point, the existence
of a full k-exceptional collection of Db (X) guarantees that X is k-rational.
2.2

Cohomological invariants

Theorem 2 motivated an investigation of what is and isn’t able to be detected by cohomological
invariants. Let X a smooth projective compactification of a linear algebraic group G that admits a
full étale exceptional collection. This gives us the following:
H 1 (k, G) → H 2 (k, D(K)),

(1)

with D(K) the Cartier dual of K0 (Xk ), this is a cohomological invariant. We show that when Xk
is twisted by a torsor, the exceptional collection of the twisted variety is étale precisely when the
torsor is in the kernel of (1). We use this to construct toric varieties in [10] which can be twisted by
a nontrivial torsor which forces there to be no k-rational points, but the associated derived category
still admits a full étale exceptional collection.
The result from Theorem 2 indicates that there is information that cohomological invariants
such as (1) are unable to detect. In [9] we give an explicit characterization of torsors that are not
‘seen’ by any Brauer groups. This motivates the definition of the following:

Ж(k, G) := im H 1 (k, C) → H 1 (k, G)
(2)
where C → G is a coflasque resolution of G as in [23]. In [9] we show that Ж(k, G) is trivial
when G is retract rational, and is a stable-birational invariant of G. Over a global field, this is the
Tate-Shafarevich group of G, which is classically used to measure the extent to which the Hasse
principal fails for the algebraic group G.
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2.3

Weak approximation and other arithmetic considerations

In the introduction, a vague description of the Hasse principle was given, and we define it more
precisely here. For a smooth projective variety X over a number field k, we say that X satisfies the
Hasse principle whenever the following implication holds:
X(kν ) 6= ∅ for all places ν of k =⇒ X(k) 6= ∅,
where X(kν ) denotes the set of kν -points of X, and X(k) denotes the set of k-points. Given that
a variety X admits k-points, one can ask (by defining the appropriate notion of a metric/distance)
how ‘close’ rational points can be to one another, and the quantity of such points. The notion of
weak-approximation formalizes this: when X(Ak ) 6= ∅, we say that X satisfies weak-approximation
if X(k) is dense in X(Ak ) 1 under the product topology, where X(Ak ) denotes the set of adelic points
of X. A natural question given the theme of preceding sections is whether or not these arithmetic
properties can be seen by the derived category.
Recently, Addington, Antieau, Frei, and Honigs [2] constructed the first examples of derived
equivalent abelian varieties over Q where one has a rational point and the other does not. They
also discuss how a pair of hyperkahler 4-folds defined over Q gives a transcendental Brauer-Manin
obstruction to the Hasse principal. In an ongoing project with Sachi Hashimoto, Katrina Honigs,
and Isabel Vogt, we study two Calabi-Yau three-folds that are known to be derived equivalent over
C but not birational. [29, 30] (this is important, as the existence of rational points is a birational
invariant) Although it seems to be the case that both of these Calabi-Yau three-folds will have
rational points over Q, we believe that one has a transcendental obstruction to weak-approximation.
3

Decomposing the derived category over an arbitrary field

In general, constructing decompositions of the derived category of an arbitrary variety is difficult; work of Kawamata [32, 33] shows that over an
algebraically closed field of characteristic zero, such a decomposition exists for the derived category of any toric variety. By leveraging recent results in the field (see for example [6,7,26]) with special properties coming
from their construction, I am interested in constructing full exceptional
collections for certain families of varieties defined over an arbitrary field.
For any root system R, one can construct a toric variety X(R) by
defining the maximal cones of Σ(R) to be generated by choices of simple
roots of R, an example of such a fan Σ(A2 ) corresponding to X(A2 ) is
shown to the right in Figure 1. (This is also the fan associated to the
del Pezzo surface of degree six.) Recent work [6,21] gives explicit Galoisstable semi-orthogonal decompositions for forms of X(An ), albeit [21]
approaches the problem from a moduli-theoretic perspective.

Figure 1: Fan of X(A2 )

Example. There are many classical results coming from representation theory that can aid in the
construction of Galois-stable exceptional collections. As an example, for Db (X(Cn )), (where X(Cn )
is the toric variety associated to the root system of type Cn ) it ought to be sufficient to collect
objects in the decomposition of Db (X(A2n+1 )) that are invariant under involution. This is due to
folding, which, in terms of root systems, is the process of quotienting out by a symmetry.
Toric varieties associated to root systems provide an important tool when studying generalizations of Losev-Manin moduli spaces [3, 12, 13, 41] and spherical varieties [18, 26]. These are all
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Note: because X is projective, we have that X(Ak ) =

Q
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ν

X(kν ).

incredibly rich theoretical objects that have found use within other disciplines such as mathematical
physics [15].
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Future Directions: Rationality & Arithmetic

The mechanism for using the derived category to determine rationality/arithmetic properties enjoyed by a variety is still not well-understood (for example, see [4, 5, 36]). From my perspective, the
many recent advances in the area [1, 2, 4, 17, 22, 28, 39, 43, 45, 46] provoke deep questions concerning the connection between birational geometry, dervied categories, and arithmetic geometry; this
makes me incredibly excited about the prospect of diving further into my own recent projects via
probing questions. With this in mind, one of the questions motivating my research is the following:
Question. To what extent can Db (X) be used to determine arithmetic properties of X?
As a concrete example of this, consider two strictly Calabi-Yau manifolds X and Y defined over
an arbitrary field k that are derived equivalent, that is Db (X) ' Db (Y ). In a similar vein as the
question addressed in [2], one can ask if it is possible for only one of X or Y to admit a rational
point. Homological Projective Duality [38] has been an incredibly useful tool for producing nonbirational Fourier-Mukai partners, so one would hope that it will be equally as a useful in producing
Fourier-Mukai partners with disparate arithmetic properties.
4.1

Future Directions: Toric Degenerations

In the 1990’s, Batyrev [11] introduced the notion of a small toric degeneration of a manifold M
defined over C. Producing a toric degeneration of a manifold M is, in essence, approximating M via
well understood, albeit likely mildly singular, toric varieties. I would like to classify the rationality
properties of (forms of) small toric degenerations of Fano 3-folds of Picard rank > 1.
Smooth Fano 3-folds have been completely classified, [31] and recent work of Galkin [25] classifies 3-dimensional nontoric smooth Fano varieties that admit such degenerations. In general, given
a non-toric fano 3-fold M for which a small toric degeneration exists, the toric varieties that form
the degeneration may be singular. However, these singularities lie on the boundaries of the toric
varieties, i.e. not in the dense open tori themselves. The rationality of the tori dictates the rationality of each toric variety, so we can easily determine the rationality status of the small toric
degeneration. Rational tori have been classified [34, 35, 40] up to dimension four, so everything
needed for my desired classification already exists in the literature; it is just a matter of the right
person being able to put these things together.
It is well known that complex Fano curves and surfaces are rational, and that dimension three is
where the rationality questions regarding complex Fano varieties become interesting. For example,
cubic three-folds in P4 are complex Fano varieties that were shown to be nonrational by Clemens
and Griffiths [22]. Recent work of Hassett and Tschinkel [28] indicates that this classification may
yield interesting examples of geometrically rational smooth Fano 3-folds that are non-rational. The
case of Picard rank one is essentially complete due to [28, 39], so I plan to look at Fano 3-folds of
Picard rank > 1.
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